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The Eastin-Knill theorem [1] forbids any local error cor-
recting code (EEC) to exhibit a universal set of transversal
logical operators. The Bravyi-Konig theorem [2] restricts
the available gates for topological error correction based
on dimensionality. These theorems necessitates the im-
plementation of various non-unitary methods based on
a general desiderata aimed at minimizing experimental
complexity [3]. We compare the mainstream approaches
of gauge fixing, state injection, and lattice surgery. We
summarize the experimental advancements of these tech-
niques, as all of them has been recently implemented. We
then shift our focus to Bombin’s 3D gauge color code [4],
and argue why it is one of the most natural approaches
to achieve a universal transversal gate set without state
injection techniques. Finally, we give a new presentation
of the gauge color codes that clears up some confusion in
the original and subsequent [5, 6] approaches.

1 Introduction

In the theory of fault tolerant quantum computation,
quantum information is often spread out in some non-
local way, assuming that errors have local structure (i.e.
affects O(1) physical qubits). Implementations of logical
gates should then preserve locality as to mitigate the
damage caused by the noise. Thus, local logical gates
are highly desirable in the design of quantum codes, with
transversal gates acting on each physical qubit being the
most natural.

Topological codes provides the notion of spatial locality
to physical qubits. We say that an operator acts geo-
metrically locally on a lattice of qubits if there exists a
hypercube of constant size that bounds the support of said
operator. It is clear that this is a stronger condition than
locality. All stabilizers are geometrically local stabilizers
in the topological codes we consider.

There exists many classification/no-go theorems that
guide the study of topological codes. In addition to Eastin-
Knill, a frequently cited theorem is Bravyi-Konig, which
states that

Theorem 1.1 If a unitary operator U implementable
by a constant-depth quantum circuit that preserves the
codespace C of a topological stabilizer code on a D-
dimensional lattice, then the restriction of U onto C im-
plements an encoded gate from the set in the D-th level
Clifford hierarchy Pp.

The Clifford hierarchy is defined recursively by P; = G,
the n-qubit Pauli group, and U € P,, iff UG, U C P,,_1
for m > 2. We will show that color codes saturate this

theorem by implementing generalized phase gates

Rm:(l 0
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The result was extended to subsystem codes by Pastaswski
and Yoshida [7]. Other no-go theorems concern code
distance and energy barrier. More specifically, Pastawski
and Yoshida found that

Theorem 1.2 (Code distance) If a stabilizer code
with geometrically local stabilizers in D-dimensions ad-
mits a locality preserving implementation of a logical gate
U € P \Pm—1 for m > 2, then its code distance is upper
bounded by d < LP+1—m,

Theorem 1.3 (Self correction) If a D-dimensional
stabilizer Hamiltonian, consisting of geometrically local
terms with bounded norms, has a macroscopic energy bar-
rier, the set of logical gates, admitting a locality-preserving
implementation, is restricted to Pp_1. For subsystem
codes, the restriction is lifted to Pp.

These theorems motivate the direction of our exposition.
The immediate consequence of the Bravyi-Koénig theorem
is that if we want a transversal T gate (T € P3) through
topological codes, we need to go into 3 dimensions. An
important point to note is that Theorem 1.1 is only pro-
hibitive — it does not state which gates can actually be
implemented transversally. It turns out that color codes
are the family of codes that can implement arbitrary R,,
gates as we move up in dimension.

Similarly, the code distance theorem draws an important
link between dimensionality and code parameters.

The self correction theorem motivate us to look at
subsystem /gauge codes. More specifically, energy barrier
is measured as errors that trigger syndrome detection (i.e.
excitations). If the energy barrier is constant compared
to lattice size, the code would not be a good candidate
for quantum memory, as thermal noise will always affect
the system regardless of size. Gauge color codes saturate
the code distance bound given by Theorem 1.2. Logical
operators have support O(L), where L is the lattice size.
Combined with the previous theorems, we see that 3D
gauge color codes are very natural candidates to consider
since it implements a universal gate set, has macroscopic
energy barrier, and have scalable code distance.

The rest of the paper is organized as follows: we first
present background information of surface and color codes,
using a novel framework of relative homology (mathemat-
ical background will be relegated to Appendix A). Then,
we examine the three main methods: state injection, lat-
tice surgery, and gauge fixing. Finally, we present the



construction of the 3D gauge color codes, which we hope
will clear up inconsistencies in the literature, and illustrate
Theorems 1.1-1.3.

2 Surface Codes

This section relies on knowledge of algebraic topology,
for example [8], and generally follows from [9]. See Ap-
pendix A for more information.

2.1 Toric Code

First, consider a cellulation £ of the torus into an L x L
lattice, with boundary identified (this is the toric code,
later we show how to get the surface code). Qubits are
placed on edges, or elements of Cy = C1(£,Fs). Consider
the chain complex

G20 2oy o0 ot B o2 (2.1)
We can think of coboundary maps as boundary maps on
the dual lattice, but as star operators when viewed on the
direct lattice through Poincare duality (see the rotated
surface-code lattice in Figure 8(b)). We consider qubit
excitations as strings. Let

C:ZCieia c) :®\Ci>,
% %

which lives in the one-chain group (i.e. edges), and where
lc;) x denotes the X-eigenbasis state with X, |c;)y =

c; € Fy (22)

(—1)% |ci) x. We suppress the subscript X below; in this
basis Z, |c) = |c+ a) for a € C;. Define
Xe=Q X7 2.=Q7Z (2.3)
Note
XX = Xeyer, Loy = Zeter- (2.4)

where addition is defined through the (Abelian) group Cj.
This gives a homomorphism from C; to Gy, the n qubit
Paulis.

Define the stabilizers as

Xv = Xa*v* = H Xea Zaf

e:wEdre

II 2.

e€oaf

(2.5)
where v* € C° denote the corresponding element in the
dual lattice. We also note that the Toric code has CSS
structure with

=" i)

H(C)H(C)T =0 (2.6)
with C;- C C,. The ground state can be seen directly
from this structure, but we can also project directly by
taking some |c) € Cy

1+ 7 1+ X,
1;[ ZfH 5 19

ce (Cy (27)

It is not hard to see that X, |¢) = (=1)1%1¢I'V |¢). Therefore

The first projector has the affect of sending ¢ € C to z €
Z1. We now use the group projection formula [] g 1# =

2-1GI degg and the definition of X to get

H1+Zf S Zoe = 4 (2.8)

f cp€C> beB;

So that an element z € Z; gets sent to a superposition of
all representatives in the quotient Z; /By := Hi:

=) Xp|2)

beB;

AS Zl (29)

which agrees with CSS theory. Since

[Ix:=]]% =1 (2.10)
f v
we have that the number of encoded qubits is
k=I|E|=|VI=|F|+2=|E|=(V|+|F|-2) =2-x=2g
(2.11)

for a genus g torus where x is the Euler characteristic (see
Appendix A).

2.2 String operators

Operators of the Toric code are strings. That is to say,
since qubits are placed on edges, we define a general
operator to have the form

A=1i%Z. X a€{0,1,2,3},c € C1(L),c" € C1(L),
(2.12)
which means the Z operators act on the direct lattice,
while the X operators act on the dual lattice. We identify
the edges with their dual, since they physically represent
the same qubit, making this assumption hold without
loss of generality. At this point it may be easier to disre-
gard the lattice, and think about operators as loops on a
manifold.
From coding theory we know logical operators are in
N(S)/S, where N(S) = Ng, (S) is the normalizer of the

stabilizer group. It is easy to check that

[Z.,X,] =0 forallv < ce€ Z;(L),

2.13
[(Xex, Zp] =0 forall f <= " € Z(L"). (2.13)

(once again, this is because endpoints are the problem.
Theorem 1.2 from the introduction asserts this must
be true). This implies A € N(S) < (¢c*) €
Z1(L) x Z1(L£*). Additionally, if A € S we would
have A € H ;s Zafi Hvi X@*vf = Z@gc?,Xch(’; where c; =
o finch = il v¥. This holds because of (2.4). Hence we

see that
A x iaZZ+bXZ*+b* b € Bl(ﬁ), b* S Bl(ﬁ*)7

2.14
A Zl(ﬁ), ¥ e Zl(ﬁ*) ( )
And so

N(S)/S = Hi(L;F2) & Hi (L™ F2), (2.15)



We can identify H;(L*) as the cohomology group H!(L),
which is isomorphic to H; (L) since we are working over Fa.
The code distance is this the support size of the minimal
element in Hy, which is clearly O(L).

2.3 Boundary

We can think about boundary through relative homology.
Instead of cellulating a torus, consider a general cellulation
of a compact surface with boundary £. In the example
of the surface code, we take a 2-sphere S2, to which we
remove the interior of two disjoint disks. The boundary
is a union of two subcomplexes
OL=YrUXg (2.16)

for rough and smooth boundaries, respectively. They can
meet only on vertices. Rough boundaries are those where
Z strings may end, which means (physically) that the X
checks at the endpoints are absent. Smooth boundaries
are those where X strings may end, so the endpoint Z
checks are absent.

For any subcomplex A C X, the relative chain groups
are

Ci(X, A) == C4(X)/Ci(A4), (2.17)
with induced boundary map 0:[c] = [0;¢]. One then
defines relative cycles and boundaries as

Zi(X,A) = € Cy(X,A): 0;ce Ci_1(A)},
(X, A) = {ld € CX, A) 0 € Ca (M), o

Bi(X, A) = {[0i41c] : c € Cip1(X)},

A Z string supported on ¢ € (7 can end on a
rough boundary without causing an excitation when
Oc € Cy(XR), i.e. when [c] is a relative cycle in C (X, XR).
Two Z strings are now equivalent if their relative homol-
ogy class differ by a relative boundary, so Z logicals are

now
grel
2

Hi(L,XR; Fa), (L, 5R) —

- (2.19)
Cl(ﬁ, ZR) Rt N Co(ﬁ, ER)

Analogously, X logicals are represented by the dual rela-
tive homology group

which is the relative cohomology group H'(L,¥gs) by
Poincare duality. The rough and smooth boundaries
should therefore not be combined into a single quotient
complex for both operator types: X is used for Z strings,
and X% is used for X strings. Note that this whole setup
can also be applied to surface code defects [10], as well as
braiding, but we will not go this route.

2.4 Higher dimensions

One can also define higher dimensional general Toric code
by cellulating any compact oriented manifold and choosing
a chain complex at any dimension

0;

O’H—l abi) C; = Ci4 (221)

where qubits live on the i-cells. Similarly the Z logicals
to live in H;, and X logicals to live in H* = Hp_; by
Poincare duality. Viewed in the direct lattice, this would
look like all i-simplicies that intersects transversely with
a (D — i)-surface.

3 Color Codes

Color codes are a family of topological codes that support
convenient transversal implementation originally proposed
by Héctor Bombin. For example, 2D color codes support
the full Clifford group [11], and higher dimensional color
codes support Clifford hierarchy of respective dimensions.
We first describe the most general formulation of color
codes [4, 12, 5].

3.1 General Color Codes

There are two fundamental objects in color code theory.
One generally considers a triangulation of a D-dimensional
compact oriented manifold, with the conditions:

e The triangulation generates a homogeneous simplicial
D-complex £

e The one-skeleton is a D + 1-valent graph that is D + 1
colorable, meaning there is a function

color : Cy = Zpy1 color(d) := |_| color(v)
v€Cy(d)
(3.1)
such that adjacent vertices have different colors.
One then takes the dual of this complex to form a D-colex.

One important fact is

Theorem 3.1 (Color bijection) Given a k-cell § €
Cr(L) with color(d) = k, under duality we have

0" € Cp(LY) = Ch—ik(L), color(0*) = Zp11\rk (3.2)
Furthermore, there is a bijection between the subcells of §
and the subsets of color(d). Similarly, there is a bijection
between the supercells of 0* and the supersets of color(d5*).

Now we use parameters (d, €) to indicate the dimensions
of the stabilizers:

Cp(d,e) :=(X(9),Z(c) | d € Cqg_1(L),0 € Co1(L))

(3.3)
where X (0) = @ co(s) Xq: Where Q(6) is the set of qubits
incident to . Similarly for Z(o). One should think of
these as star operators, and after taking the dual X be-
comes plaquette stabilizers on D — (d — 1) cells and Z
becomes plaquettes on D — (e — 1) cells. (refer to Theo-
rem 3.1, and note the dual need not be a triangulation).

3.2 Conventional Color Codes

A subset of color codes are known as conventional color
codes [13] characterized by D — d = e. These codes are
known to be locally unitarily isomorphic to tensor product
of copies of toric codes (up to ancillas)



(a) Primal Lattice. This shows (b) Dual Colex. The flattened
S2? with the interior of a 2- out triangulation. We then take
simplex/triangle removed (out- the dual, which gives the 2-colex
lined in black). Vertices are on which qubits are placed at
placed on triangles, stabilizers vertices, and stabilizers are on
are on the vertices. We then flat- the cells.

ten this out. Note we obviously

used a larger mesh here to illus-

trate the action better.

Figure 1. Primal and dual pictures for the color-code con-
struction.

Shape Dual V. Dual E  Dual F Face sizes Count

Cube 8 12 6 (4,4,4,4,4,4) 4

Table 1. Cell types and shapes for the dual colex in Bombin’s
model for ¢t = 0.

Theorem 3.2 Given color code Cp(d, D — d) , there ex-
ists a local Clifford unitary U such that

UlC(d,D-d)@81UT = (K) TCp_a(Ln)@S: (3.4)
NePa(Zp)

where T'Cy, denotes a k dimensional toric code, 81,83 are
ancillary qubits, Py denotes the size d subsets of Zp, and
Ly is a D —d+1 complex obtained from L known as the
shrunk lattice when we "collapse” a specfic color. See the
appendiz of [12] for the precise definition.

Thus we can understand the logical structure of conven-
tional color codes from toric codes. For the rest of this
paper we focus on a specific setup that allows for transver-
sal logical gates. The procedure is as follows:

e Triangulate a d-sphere (d = 3 for gauge color codes)
such that the conditions in Section 3.1 are satisfied.

e Remove the interior of one of the top-simplicies, leaving
us with a (closed) boundary JL. Stabilizers associated
with the boundary are not activated (this is analogous
to the boundary treatment described in surface codes).

e Build the color code as described in Section 3.1, but
use Lo := L\OL to define chain groups of all levels (i.e.
look at Cp(d,e) defined on Ly. Note the top-chains
remain the same.

e Dualize to get £, and analyze its shapes to understand
stabilizer weights, experimental feasibility, etc. Tables
1-4 does some analysis on the model of Bombin [4].

Note that the specific triangulation only affects last step,

and does not affect the properties of the color codes them-

selves. Figure 2 summarizes the construction. This recon-

ciles the seemingly inconsistent approaches of Bombin [4],

Brown [6], and Kubica [5].

Shape Dual V. Dual E  Dual F Face sizes Count
Cube 8 12 6 (4,4,4,4,4,4) 8
Hexagonal prism 12 18 8 (4,4,4,4,4,4,6,6) 4
Six-square-five-hex cell 18 27 11 (4,4,4,4,4,4,6,6,6,6,6) 4

Table 2. Cell types and shapes for the dual colex in Bombin’s
model for t = 1.

Shape (V,E,F) Face sizes Count
Cube (8,12,6) (4,4,4,4,4,4) 12
Hexagonal prism (12,18, 8) (4,4,4,4,4,4,6,6) 12
Six-square-five-hex cell (18,27,11) (4,4,4,4,4,4,6,6,6,6,6) 12
Truncated octahedron (24, 36,14) (4,4,4,4,4,4,6,6,6,6,6,6,6,6) 4

Table 3. Cell types and shapes for the dual colex in Bombin’s
model for ¢t = 2.

4 Magic State Injection and Distil-
lation
We define a general magic state as
1
V2
and preparation of logical magic states can implement

6?9) as follows:

|[4g) = —=(10) + ¢ |1)) (4.1)

1
phase gates A = ( 0

e Let [¢) = a|0) + b|1). Prepare |¥g) = |[¢) ® |Ag)
e Measure §; = 0, ® 0,. With probability 1/2 we get the
syndrome +1, similarly —1:

|TT) = (a]00) + be® [11)),

, 4.2
|07 ) = (ae™|00) + b11)). (4.2)
e Apply CNOT;_,5 to get
U3 = (a0 +be [1)),
) = (al0) + be” 1) w

|05 ) = (ae™ [0) +b]1)).

This has the affect of applying A(e*®) or A(e~*). Notable
is the implementation of the T-gate, which has circuit (see
Figure 3).

4.1 Injection

We can inject magic states to surface [16] and color [17,
18] codes. The idea is analogous: we first prepare the
magic state on each physical qubit. Then entangle other
physical qubits such that a transversally implemented
operator on the set of entangled qubits have the same
effect as a logical operator, and finally project into the
codespace by rounds of error correction depending on the
code distance. [16] gives the example of a 3 x 3 suface
code, where the central qubit is entangled with the ones
above and below it

a0) + B[1) = a[000) + B [111) oc ar|0) , + B [1) ), (4.4)

the reason it is proportional to the logical qubits is because
it transform in the same way under logical operations.
It is important to note that the logical magic state is
not protected until it is projected into the codespace
(stabilizers turned on), so the process is inherently noisy.
Hence the need for distillation, which "purifies" the magic
states. Figure 4 summarizes the surface code injection
picture.
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(a) Original BCC lattice. Ver- (b) We remove vertices as given (c) The set Az as described in  (d) The rendered dual colex for ¢ = 1 for

tices are 4 colorable.

in [4]. Bombin labels this set as  the original paper. Here the readability. Shapes are collected in Tables 1—

M. 4 boundary vertices are reintro- 3 for t =0,1,2
duced. The (interior) tetrahe-
dral removed is the one in bold

red.

Figure 2. Bombin’s construction of the 3D gauge color codes [4]. Parts (a)-(c) are rendered for ¢t = 2, (d) for ¢ = 1. The original
paper did not graph the dual or classify its shapes, as we do in Tables 1-4. The construction follows from section III.A. The

interactive model is placed in the references [14].

t Rel. V Rel. E Rel. F Rel. T Dual V Dual FE Dual F Dual 3-cells
0 4 18 28 15 15 28 18 4
1 16 80 128 65 65 128 80 16
2 40 214 348 175 175 348 214 40

Table 4. The first four column stand for relative primal. These numbers are computed from counting the dual shapes directly.
The number of qubits as a function of ¢ is f(t) = 1 + 4t + 6t% 4 4¢°.

0) H H T Fo—{sx |— TIv)
) b}

Figure 3. A circuit to produce the T gate [15]

(a) (b) (c)

Figure 4. State injection for surface code. The pink qubit
in (a) is prepared in the (physical) magic state. CNOT gates
entangle it with the qubits above and below it (b). It is then
projected back into the codespace (c).

4.2 Distillation

Bravyi and Kitaev [19] proposed a scheme to distill magic
states. More specifically, given noisy magic states of error
rate e, there is a threshold ¢ such that when € < g( the
output error , after k rounds of distillation

1 k
SRS 5(55)2 . np 5k (4.5)
@) o L (/35" np ~ 15% 4.6
out \/ﬁ( ) ) T ) ( . )

for the preparation of H- and T-type magic states, respec-
tively (related to the T-gate as |Tyatc) = '™/ SHST |H)).

|H) = cos(m/8) |0) + sin(7/8) 1),
1 (47
cos(2f8) = —=.
(26) 7
They use the perfect code and quantum Reed-Muller codes
[20, 21] for distillation. The framework is as follows:

IT) = cos B|0) + e™/*sin §]1)

e We want to go from the noisy p to the clean p,y¢,
and we define metrics ¢ = 1 — (T|p|T) and €our =
1= (T pout |T).

e Write the magic state |T') as an eigenstate of T, say
|To) := |T),|T1) is the other eigenstate.

e Pass through a depolarizing channel D(n) that diago-
nalizes p into (1 — ¢) |Tp) (To| + € |T1) (T1]. The input
density matrix becomes p;, = p®¢ — IpIlf = p,, after
projection into the codespace where c is the block length
of the code used.

e p, involves a sum of Y f(e) | T4 ) (T | +g(e) |TE) (TE|.
A trivial syndrome is achieved with probability ps =
tr ps.

e The normalized output state is ps/ps = (1 —
€out) |T0) (To| + €out |T1) (T1|. We finally decode so that
we retrieve the nonlogical version of the magic state.



e Compare €, with €. If £g is below some threshold then
we can repeat this process and get doubly exponential
refinement, each time with probability ps.

If the circuit has L non-Clifford gates we expect £, ~

1/(Llog L). In general, if we have a [[ng, k2, d2]] code, we

expect error to scale as g4y ~ O(sdg) after r rounds of
distillation, in other words r ~ log,, log(1/eou¢). Due to
the contatenating structure of this procedure, if the code

T
encodes ko qubits we expect n = (Z—j) noisy states to

be expended, i.e.

ng log g, log(1/€out)
n~= —
ko

= (log (1/€eout ))10gd?(n2/k2)
=0 (log (1/€out)”)

= n~ (logL)", v = log,, <Z§) (4.8)

Magic states can be thought of as a separate procedure
from the usual transversal gates we have talked about
earlier. It is non-unitary since it consumes many ancillary
qubits not in the original Hilbert space, therefore bypass-
ing the Eastin-Knill theorem. It is traditionally considered
an expensive procedure to implement universal quantum
computation. For example, Gidney and Ekera estimates
that at a physical gate error rate of 1073, factoring an
RSA-2048 integer requires about 20 million noisy physical
qubits. Their distillation analysis requires about 3 billion
distilled CCZ states with total distillation error of 6.4%.
[22] Figure 5 summarizes different distillation protocols
from [3].

5 Lattice Surgery

Lattice [16] is a non-unitary operation on surface codes
that allows many gates to be implemented in a more
efficient manner. We won’t spend much ink here since it
does not directly deal with the Eastin-Knill constraint.

There are two main operations associated with surgery:
merging and splitting, and each has a smooth/rough vari-
ant depending on the boudnary type. Merging takes two
sheets (two logical qubits) and prepares a row of qubits
down the join in |0) for smooth, |[+) for rough. It then
measures all the stabilizers, thus projecting the qubits
into a new surface codespace. We track what happens
to logical operators and logical information as the two
surfaces combine to form one surface.

In a rough merge of [¢) = a|0); + 3|1),, we get

) M |8) = alg) + (—1)MB|3) = o’ ) + <—1>Mﬂ'(|w>)
5.1

Rough Merging has the effect of applying Xy ® X1 on
both sheets (because the stabilizers run down the join),
so M denotes the measured value, which is why the state
would be in () |6) + (—1)™ |4)[6)).

For splitting, we measure out the join, as in Figure 6.
For smooth split, we measure out in X basis, Z basis for
rough. We will have to update the logical operator that

gets "split up" across the join, either by physical error
correction or by updating the Pauli frame. The logical
information transform as

al0), +B[1), = al00), + B [11), (5.2)

These two operations are inverses of each other, for
example for a smooth split and merge

al0), +B1), — al00), +B11),

= = [+ @0y, +811),)

+ —5 =) (@]0) + B]1))

Sl

My (l0)+ B[1)) + (e l0) +511)

0) + B|1). (5.3)

X

One of the advantages of using lattice surgery is the reduc-
tion of physical entanglement in CNOT. Figure 7 shows
the corresponding CNOT layout. The trick is to produce
an intermediary state [INT) := |+),, and perform, for

control |C) and target |T), |C) M |INT)
|C'INT") — |C'(INT' M T)). See Appendix B for more
information. Note that some of these operation can be
done in parallel so that the total complexity is linear in
lattice size O(d), where as a transversal gate would take
O(d?), see [16] for more details. Another related tech-
nique is code deformation, the idea being that since a
transversal Hadamard rotates teh lattice by 90 degrees
(rough boundaries gets mapped to smooth boundaries,
vice versa), we use merge and split operations to manually
reset the lattice configuration.

All these approaches are non-unitary, so in that sense
they bypass the Eastin-Knill theorem. Lastly, a recent
experiment demonstrates lattice surgery [23], shown in
Figure 8; more specifically they perform a split on a
rotated 3 x 3 grid that splits the surface code into two
repetition codes. They also make bell states using the
smooth split.

update frame, split
%

6 Gauge Fixing

In this last section, we discuss the general procedure of
subsystem codes, then transition to a construction of
Bombin’s 3D gauge color code [4], and explain how this
procedure generalizes many other gauge fixing variants.

6.1 Subsystem Codes

A subsystem stabilizer code is defined as a stabilizer group
S and a gauge group G such that S = Z(G) N G. The
gauge group acts on additional gauge logical qubits that
is outside the codespace. The idea is that it might be
easier to measure gauge qubits and infer the measurement
of § than measuring S directly. We define bare logical
operators as elements of Z(G)/S. They fix the gauge space.
Define dressed logical operators as elements of Z(S)/G.
They permute the gauge space, and can be realized as
some bare operator times an element in G. Note both



Box 2 | High yield MSD

The yield is the number of distilled

magic states, on average, per input noisy magic state.
Using an [[nz, k2, d2]] distillation code for enough rounds
to achieve some target €out has an asymptotic yield
1/0(log(e;)") where v = log,, (n2/k2). Therefore,
lower -y values indicates more efficient distillation
protocols. More sophisticated protocols (see table) can

Protocol [[n, k, d]] limp 00 7y
Reed-Muller [[15,1,3]] 2.464
Meier-Eastin-Knill*® [[10,2,2]] 2.322
Bravyi-Haah¢ [[3% + 8, %, 2]] 1.585
Jones 279 level "’ [[5% + O(1), k, 4] 1.160
Jones rt* level®” (2" + Dk + 0(1),k,2"] 1

reduce the scaling factor +, with 4 = 1 conjectured®® to be optimal.

Figure 5. High-yield magic-state distillation comparison. The exponent v = log,, (n2/k2) is the scaling exponent appearing in
(4.8). Taken from Box 2 of [3].

(a) Rough merge. The pink qubits are prepared in |0) and stabilized (b) Smooth split. The pink qubits are measured out in the X basis.

into the (new) codespace with two sheets merged.

The Z logical operator is updated to be well defined on each sheet.

Figure 6. Basic lattice-surgery operations used in merge and split procedures.

Figure 7. Pictorial demonstration of how CNOT is executed
using lattice surgery. In practice we would have many of
these intermediate sheets arranged between the computational
logical qubits, so that only about 25% of the surface is used for
computation [16]. The affect is such that the save in complexity
O(d?) — O(d) is balanced out by the additional intermediary
qubits.

o
Gate and measurement errors

Figure 8. Experimental setup for the lattice surgery experi-
ment. Parts (a)-(c) demonstrates the rotated 3 x 3 lattice. Part
(d) implements the lattice surgery circuit (as discussed we keep
track of the projective X, ® X and stabilizers using Pauli
frame updates. (f) shows the error rates for single-qubit gates
(pink), two-qubit CZ gates (cyan), readout with two-state (red)
and three-state (orange) discrimination and cycle-average syn-
drome elements for weight-two and weight-four stabilizers (w2
and w4). [23]



leaves the codespace intact as S C G <= Z(G) C Z(S).
We can also prove that

Z(G)S=2Z(S)/g (6.1)

using the second isomorphism theorem from algebra. In
general, gauge qubits need not mutually commute, so
measurement can be destructive. [24] gives the condition
that

Theorem 6.1 We can extract a single syndrome bit cor-
responding to S € S using gauge measurements if and
only if the following decomposition holds:

S =FK,.. KK (6.2)

such that [K;,K;_1... K] = 0, where K;’s denote the
gauge operators. One then perform sequential measure-
ment of Ky ... Ky, obtaining v1,...,vm € {£1}, and de-
duce the measurement of S as 0 =1 ...Ym-

In our case it is much simpler, as our gauge group
has CSS form, G = (Z(G,), X (Hp)) C Pp. Thus we can
measure one operator type at a time and not worry about
measurement issues.

Gauge fixing is the technique to realize subsystem codes.
By measuring qubits in the gauge group we can switch
between codes while preserving all logical information. In
other words, some gauge qubit degrees of freedom are now
"fixed" by forcing them into the stabilizer group. Formally
speaking, suppose we have two subsystem codes (S1,G1)
and (S2,G2). The gauge fizing condition is

S € S C Gy, Go x Z(S2) NGy (6.3)

where o« means we mod out by irrelevant phases.
There is a useful equivalence that states if both
codes share the same set of bare logicals (that is,
Z(G1)/S1 = Z(G2)/S2 and a set L = (g151 ... GmSm) =
{Hi(gisi)ai ‘ a; € {0, 1}791‘ € Z(gl),si S Sl}) then

51 CS or GoC Gy (6.4)

is equivalent to condition in (6.3). See Appendix C for a
rigorous proof of the theorems here. Lastly, we define two
(general) logical states:

0)lgx) = > X(@)[0)  [D)]gx)=X0)]gx)
X(G)eg

0)lgz) = Y X(S)|0)
X(S)es
(6.6)

where |gx) means it is a +1 eigenstate of all X type
operators in G, and |gz) means it is +1 eigenstate of all Z

type operators in G. |0) denotes the set of physical qubits.

These two states will make the gauge fixing procedure
clearer.

6.2 Experimental Results

Before we begin the presentation of Bombin’s 3D gauge
color code, we first note that recent experiments have real-
ized color-code scaling, magic-state injection, and lattice-
surgery operations; see Figure 9 [25]. That experiment
demonstrates a distance-scaling factor Az_,5 := e3/e5 =
0.0171/0.011 ~ 1.56 and below-threshold performance.
Separately, code switching from the [[15, 1, 3]] quantum
Reed-Muller code (QRM (4) = C3(1,2), see [5]) to the
[[7,1,3]] Steane code (QRM (3) = C3(1,1), see [5]) has
been used to prepare high-fidelity logical magic states
[26]; this is closely related to dimensional jumping in color
codes [27] and earlier Steane/Reed—Muller code switching
[20, 21].

a, b d Agys = 1.56(4)
Q
5 02 0020
o o
g 01 \ 5 0015
s Weight-4 g‘
8 Weight-6 £ .
fa}
0 1020 30 549 011 013 0.15 3 5
Cycles, n P Distance, d
d
c e
04 0.6 1% Heating
d =3 individual ===3% Reset
A d=3mean 19% Data idle
o 0.3 - - -
o | ®ud=5 04 -1 |19% 1Q
< o
o 3
5 021 s 20% Meas.
3 =
2 02 |- 6% CZleakage
=4 01} i 5% CZstray int.
28% CZ
olL + 1 I TR R ol
5 10 15 20 25 30
Cycles, n

Figure 9. Experimental demonstration of 2D color codes.
(b) shows the color code lattice chosen so that measurements
share the same diagonal. The tones reflect error rate. Taken
from [25]

6.3 Gauge Color Codes

We resume the discussion from Section 3. The reader
should have the primal lattice <+ dual colex picture in
Figure 1 in mind. Bombin’s construction uses a specfic
triangulation created using a 3D BCC lattice, removing
tetrahedral to form M; (where ¢ indicates how fine the
mesh is), add back the boundary vertices to form Ag4, and
finally take the dual. We generated interactive models to
visualize this process, linked in the references.

Gauge color codes are defined as the subsystem code
with d+e < D

S=Cp(de), G=Cpled). (6.7)

The theorem we need to prove that this is a valid subsys-
tem code is

Z(Cp(d,e)) x (Xg, Zg) - Cp(e,d) (6.8)

where £ = D — x, and Q is the set of physical qubits.
The proof of this is rather involved and will be left to
Appendix D. Now the idea is to code switch from



Next we discuss how each gate is transversal. In this
setup they are all bare logical operators. There are many
technical theorems needed to prove properties, which will
be mentioned but not proven. See [5] for more details.

o X, Z,CNOT. Even Support. We consider the primal
lattice Lg. For any k-simplex § C Ci (L), with 0 < k <
d, the set of supported qubits satisfy |Q(d)] =0 mod 2.
This means if we define X = Xg,Z = Zg they are in
N(S). In addition, we set |Q] = 1 mod 2 so that X
and Z anticommute (this depends on how we choose the
lattice). CNOT is automatically transversal due to the
CSS strcture, since X, Z has the right transformation
under it.

e H. The Hadamard gate is transversal in C(0,0) be-
cause the code is self-dual (i.e. remains the same under
X (G) < Z(G) substitutions. Therefore it preserves G.
Since this is the only gate not in C'(1,2) we can think of
the gauge fixing procedure as follows. First, every code-
word in C(1,2) is a codeword in C'(1,1). This is due to

the fact ’C(dl,el) C C(dg,@g) < d1 < d2,€1 <ey ‘
So if we start from a C(1,2) state [¢))|g) and apply
Hy, we get H|¢Y)|¢g') which leaves the codespace of
C(1,2) but still lives in C(1,1). We then fiz the gauge
by re-projecting the state into C(1,2):

gauge fixing
—_—

) 19') 225 H [4) |g') ) |g)

e R,. The phase gate has some theorems govern-
ing its transversality properties. The main result is

(6.10)

’Rn can be implemented transversally if D > née ‘ For
D = 3,n = 3,e =2 we see that C3(1,2) can imple-
ment the T' gate transversally. The idea is to pick a set
T C Q and apply the gate R = RX(T)R;*(T¢) such
that k(|T) —|7°]) =1 mod 2. We need T to satisfy

VX(G)€G:|ITNG|=[T°NG| mod 2"  (6.11)

Then

R)|gx) = D Ru(T)R,*(T°) X(G)|0)

X(G)eg

— Z e BHEITNG| o= 2532 | T°NG|
X(G)eg

X(@))0)
= > X(©)/0) =) lgx).

X(G)eg
R[T) |gx) = Ri(T)R, " (T°) X[0) |gx)

ik

— BT~ 254 |TC|XR‘6> l9x)

27i 27w —,

=" X[0) [gx) = e [T) |gx)

How to find such a set T comes from the bipartiteness
of the dual 1-skeleton of the color code lattice; see
Figure 10. We will not persue the general case here, but
notice in two dimensions the primal lattice is always
bipartite. These theorems imply that the C5(1,2) color

(6.12)

(6.13)

code has both the S and T gate transversally, so the
entire subsystem code implements the full universal gate
set. This also implies that the 2D color code Ca(1,1)
implements the entire Clifford group, although C5(1,2)
does not have transversal H.

Figure 10. An example of the set T in Bombin’s construction
of the 2D color code. One can easily check that the graph is
bipartite.

The results in this section are general, meaning that
as long as we select a suitable initial triangulation of S¢,
we are guaranteed to be able to implement a universal
transversal gate set.

We note that one of the major advantages of this ap-
proach is we can produce magic states without injection
in a fault tolerant manner (see the experiment section),
which is a lot less noisy than injecting a physical T state.
Indeed, [25] demonstrates state of the art performance.

Finally, the only non-unitary procedure in gauge fixing
is measurement, so it bypasses the Eastin-Knill theorem.

7 Conclusion and Outlook

In this paper we examined the primarily theoretical aspects
behind the methods of topological codes, namely magic
state injection/distillation, lattice surgery, and gauge fix-
ing. We also highlighted recent experimental procedures
that verifies their efficacy. Another reason this paper is
expository is because the theory of surface and color codes
has been completed around a decade ago (canonical pa-
pers are published 2013-2016), while recent advancements
focus on decoding and improving thresholds [28, 29, 30,
31]. Another direction has been dynamical codes. The
Floquet codes are seen as a continuation of the color codes
[32, 33|, and have the property of significantly reduced
stabilizer weights. We hope that the paper can serve as
a guide to inform researchers about the background and
advances on topological quantum error correction, and
guide them towards more recent works.



A Algebraic Topology

This appendix provides the background in algebraic topol-
ogy necessary for understanding topological codes. All
vector spaces are taken over Fs. We obviously cannot
present all background, only those absolutely necessary.
For more information, please see [8].

A.1 Chains,

maps
Let us intuit the concept of a cell complex £. In the
two-dimensional case, its O-cells are vertices, its 1-cells
are edges, and its 2-cells are faces. Denote the Fo-vector
space generated by the i-cells of £ is denoted

cochains, and boundary

Ci(L).

An element of C;(L) is called an i-chain. These can be
thought of as higher dimensional analogs of the 2D shapes.
The boundary maps are homomorphisms/linear map
between the chain vector spaces (I sometimes used vector
space and groups interchangeably, although they are really
Fy-vector spaces)
where 0; sends each i-cell to the sum of its boundary (i —1)-
cells. These maps satisfy the chain-complex condition

The dual vector space
C'(L) := Homp, (C;(L),Fy)

is called the vector space of i-cochains. Linear algebra
tells us that they are (non-canonically) isomorphic to the
corresponding chain vector spaces.

The coboundary maps are the dual maps of the bound-
ary maps:

9 (L) — Ci(L). (A.3)

They are defined by the relation

(07 ¢)(c) = ¢(ic),

for p € C*7Y(L) and ¢ € Cy(L). Since 9;0;11 = 0, the
dual maps satisfy

971107 =0 (A4)

A.2 Cycles, boundaries, homology, and
cohomology

An i-cycle is an i-chain with no boundary, meaning it is
the kernel of the boundary map

An i-boundary is an i-chain that is the boundary of an
(i 4+ 1)-chain. The space of i-boundaries is
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(A.2) implies
Bi(L) € Zi(L).

The homology groups are defined by their quotient, for
each dimension/level as

H;(L) := Zi(L)/Bi(L). (A7)

Two cycles represent the same homology class (i.e. are
homologous) iff they differ by a boundary.
Dually, an i-cocycle is an element of

Z'(L) == ker 0. (A.8)
An i-coboundary is an element of
BY(L) :=im 9} (A.9)
The ¢th cohomology group is
HY(L) := Z'(L)/B"(L). (A.10)

For surface codes with qubits on edges, a primal Z string
is represented by a 1-chain in C7(£), while a dual X string
is represented by a 1-cochain in C1(L), equivalently by a
1-chain on the dual cellulation L£*.

A.3 Euler characteristic and encoded
qubits

For a two-dimensional cell complex £, the Euler charac-
teristic is

X(£) == V| = |E[+|F]. (A.11)
Equivalently, in terms of Betti numbers,
x(£) = dim Hy(L) — dim Hy (£) + dim Hy(L). (A.12)

where the ith Betti number is the dimension of the ith
homology group considered as a Fy vector space.
If £ torus of genus g, then

dimHo(X) =1,  dimHy(X) =2g,

Hence

X(L)=2-29g = k=dimH,(X)=29=2—x(£

(A.

This is why, for example, a toric code encodes k =
qubits.

~

[t

3)
2

A.4 Relative homology and boundaries
For surfaces codes, ordinary homology is not always the
right language because some strings are allowed to end
on certain boundary types. Hence we present relative
homology.

Let A C L be a subcomplex, usually a union of bound-
ary cells. The relative chain group is

Ci(L,A) :=Ci(L)/Ci(A). (A.14)

Thus two i-chains in £ are identified when they differ by
an j-chain that belongs entirely inside A.



The boundary map descends to a quotient map:

This implies that an é-chain ¢ € C;(X) is a relative cycle
when its boundary lies in A

c€ Zi(X,A) = ic € Ci—1(4).  (A.16)
Thus a relative 1-cycle may have endpoints, but only on A.
In surface code language this means X or Z type string
operators can have excitations on their corresponding
boundaries.

Relative boundaries are chains of the form

¢=0i+1b+ a, be Oi+1(X), a € OZ(A) (Al?)
The relative homology group is
H;(L,A):=Z;(L,A)/B;(L, A). (A.18)

A.5 Poincare duality

Poincare duality gives a bijection between relative homol-
ogy on the primal lattice and relative homology on the
dual lattice. For the purposes of surface codes, we have

H\(L,Xg) = HY(L,Xs). (A.19)
We can build a sort of dictionary as
primal relative Z strings modulo deformation <+—

dual relative X strings modulo deformation.

More specifically:

e A direct-lattice Z string is represented by a primal
1-chain.

e It commutes with the relevant X-type checks iff it is a
relative cycle.

e If the string is allowed to end on a rough boundary R,
its representative class lives in Hy (L, XR).

e A dual-lattice X string is represented by a dual 1-chain,
or equivalently a primal 1-cochain.

e [t is allowed to end on the smooth boundary g, so its
class is in H*(L,Xg).

B Lattice surgery

Here we elaborate on the merge procedure. Let us again
consider rough merging, with the starting states being
[¥) = a|0) + 1) and |¢) = & |0) + 5’ |1). As described
before, we apply X ® X to this state with syndrome
M, to get

([0} + B11))(a[0) + B [1))
+(=D)M(a 1)+ 810))(80) + o' |1))
= (a0’ + (=DM B8") [00) + (85" + (1) aa') [11)

+ (8" + (=1)Ma’B)[01) + (/B + (=1)Map’) [10) .
(B.1)
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We want the new logical ground state to be the even parity
state under Z; ® Zp,, so we define the new logical states
to be

00 = (100} + (1) 1))

5

mL%§;mn+vann>

We recover rule (5.1) by considering the two cases M =
0, 1.

B.1 CNOT Implementation

Here we give a brief rundown of how CNOT is imple-
mented, see Figure 7. Write |C) al|0) + B11)
al+) + =), IT) = o'|0) + f'[1), and [INT) = |+).
Then we have that

|C) M|INT) = a|+) + (=)™B|-) (B.2)
~Jaloy+8J1) M=0
_{6|0>+a|1> M=1 (B-3)

Therefore if we update the Pauli frame by applying an
X1, we get the state |C) M |[INT) = «|0) + S |1). If we
perform a smooth split we get |C’' INT") = «|00) + 8 ]11).
Finally, if we do a rough merge between |[INT') and |T),
we get

[C"(INT' M T)) = a[0) (|0) M |T)) + B[1) (|1) M \Tg)4)

(
= a0y M |T) + (-)M'B|1) ® |T)
(B.5)

We again fix the pauli frame such that M’ = 0 so the final
logical state is

al0)|T) + B 1) |T)

C Subsystem Codes Details

In this part of the appendix we prove two facts left un-
proved in [4, 5].

Theorem C.1
2(9)/2(G)NG = Z(Z(9)NG)/g
where S = Z(G)NG.

Proof. We use the symplectic representation of Pauli
operators, ignoring overall phases:

X®1z® « 5 (a|b) € F3",
where a,b € F§ More specifically, let
P = X®7%b P = X% 78
Then, using ZX = —XZ for each qubit, we get

P'P = X% 78 x®az8b



_ (_1)a‘b/X®(a/+a)Z®(b/+b)7 (CQ)

while
PP = X®0z8bx®d 78V (C.3)
= (—1)¥ b x®@+a) OO +D) (C.4)

Therefore P and P’ commute if and only if the two signs
agree ) )
(_l)a-b _ (_1>a -b.

Equivalently,
a-t'+d-b=0 (mod2).
This motivates the symplectic inner product

((a]b), (@ |)), =a-V +d-beFs.

In particular, if A is X-type and B is Z-type, then the
inner product is a - b mod 2.
This immediately implies Z(G) <+ G, where the r.h.s.

is the orthogonal space of the vector space spanned by G.

Therefore we can write

Z(G)NG=G6*naG (C.5)
— Z(Z(G)NG) = (G+nG)* (C.6)
=G+Gt=67(G) (c.7

where we have identified the addition of vector spaces
with multiplcation in the operator space. This implies

Z(2(9)NG)/G=62(9)/G = 2(9)/2(9) NG

by the second isomorphism [34]

We now an equivalent condition of the gauge fixing
conditions, which sheds light on how a codeword from a
larger code can be seen as a valid codeword for a smaller
one, as in the case of C3(1,1) C C3(1,2). The idea is
since they have a shared representative set of bare logical
operators, actions on logical information are the same
for each code. By representative we mean a fixed coset
representative for each class in Z(G1)/S1 = Z(G2)/Ss.
Note that this is very natural to consider since ultimately
the physical action is defined on a concrete set of operators,
not as a homology class.

Theorem C.2 Suppose that two subsystem codes share a
bare logical operator set L such that £LS7 x Z(G1), LS x
Z(G2). Then the gauge firing condition is equivalent to
S1 CSs.

Proof. The goal is to prove
S x Z(LG)

G x Z(LS) (C.8)

from which the result follows as

81 - SQ — Q2 X Z(ESQ) - Z(,CSl) X gl
= S x Z(G2) NGy C Gy C Gy

12

= Z(SQ) NG « Z(SQ) n Z(ESl)

Let’s first prove S o« Z(LG). S C Z(LG) is clear from def-
initions. Take p € Z(£G). Then L C LG = Z(LG) C
Z(L) and thus p € Z(L) = p € Z(G) x LS. Noe
write p = ¢s for £ € L,s € S. Since ¢s € Z(L) and
s € Z(L) by definition, ¢ € Z(L). But this means the
coset [¢S] € Z(G)/S commutes with all other bare logical
operators, which must mean ¢ € S. This means p € S, as
desired. The other equation in (C.8) is similar to this, so
we skip it.

For the converse direction, we use the symplectic rep-
resentation described earlier, we have Go = G; N SZL —
Z(gg) = S2 + GJ‘ = SgZ(Ql) = Z(g1)$2 This implies
bare logical operators of both codes can be chosen such
that the representative set is shared. Lastly we prove, for
the sake of sanity, that

Theorem C.3 The gauge fizing conditions does indeed
give a valid subsystem code, that is

S2 = Z(G2) N Ga

Proof. Using the symplectic representation described
earlier, we have

Z(G2) NGy = G N Gy.
Since Go = Sj N G1, we have
Gf =(S: NGt =8, +Gr.
Therefore
Z(Ga) NGy = (S2 + G1) N Go.
Because Sy C G2, we have
(So +G1)N Gy = Sy + (G NGy).
But G5 C G; by the previous theorem, so
GiNGy; CGE NG =8;.
Since S7 C S5, it follows that
Sy + (G NGy) = Ss.

Thus
Z(Ga) NGy = 5,

as claimed.

D Color Codes Details

Here we prove

Theorem D.1



Proof. The idea is to first write the color code as a
parity check matrix using the symplectic representation.
For 1 < k < D, define the incidence matrix/parity check
matrix to be

Hy, Bl 7S,
(Hpa)s= > ag mod2, &€ Ck (L)
q€Q(9)

In other words, we note each physical qubit to be 1 if it
is incident to a particular §. Equivalently, the rows of Hy,
are the characteristic vectors

rows of Hy = 1g(s) € IF|2Q|.
We then define the rows to be
Ry :=row (Hy) = spang, {15 : 6 € Ap_1}.
so that
C(d,e) x Ry ® R. C F2l @ T2,

where Ry is the X part and R, is the Z part (i.e. we are
writing the color codes in terms of their CSS structure).
A Pauli operator X4 Zp > (a,b) centralizes C(d, e) iff

a€ R, beR;.

Therefore
Z(C(d,e)) < RX @ Ry.

We will be done if we can show
Rj = R+ (lg), 1<k<D,

We first show
Ry + (1g) C Ry

Take o € Ap_;1 and 8 € Ag_;. Then if we consider the
smallest simplex 7 containing the support of both a and S,
ie. Q(7) = Q(a) N Q(B), we know from the even support
lemma that |Q(7)] =0 mod 2 (see [5], the existence of
such 7 is guaranteed by the intersection lemma (2) in the
same paper). The same lemma also implies 1o - Ry =0
mod 2. Hence we see that Ry + (1g) C Rj-. Now we show
they have equal dimension. For a moment let’s assume

we’re working with the conventional color code C(k, k).

Then the number of encoded qubit satisfies the equation
1=k=n—dimHj — dim Hg

We choose a lattice, as we did above, with [1g| =0 mod 2
so that 1¢ ¢ Ry, and so dimensionally

dim(Ry + (1g)) = dim H + 1
Using dim(R;) = n — dim Hj, we have
n—dim Hy = dim H; +1 = dim Rjf = dim(Rj + (1))

as desired.
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