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Introduction

This document provides a summary of basic concepts from quantum mechanics, organized roughly
by concepts, and provides a list of selected problems.

1 Position, Momentum, and k-space

The Fourier transform is given by

f) = o= / T e () da fla) = = [ e ftka

We define the momentum space to be
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Claim. 1
For the k-space, we have
U@y = [ NP
For the momentum space, we have
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We see that for (p) is multiplicative — (p™) — ﬁ [ |4|?(hk)™. Now we generalize this to any (f(p)).
Consider the power series expansion

o = {10+ 70+ 50+

@)

= 10+ o)1 + L)+

Calculating each (p™):
o0 =10 +70) [ P+ 2o [T gmrmma

= /_Oo 1 (k)|? (f(o) + hkf'(0) + m;)gf”(o) + .. ) dk
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If we work in momentum space, this is analo gous:
@) = [ slowPay
2 N\
Claim. 2
For k-space,
vy = [ 1 (i) 10w0Pa
For momentum space,
@ = [ 1 (ing) low)Pap
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Furthermore we can generalize this to any || f(£)]].

Wavefunction collapse

Operator | Eigenvalue | Eigenfunction
z yeR yo(z —y)
p hk AetFe
H E, OE

Depending on which observable, the wavefunction changes to the associated eigenfunction upon
measurement.



2 Probability Current

The probability is defined as:

_ih oY oY h — oY
J(,) om <¢(%C - 1/’(%) —Im <¢8x>
Claim. 3
Py,
dt j(avt) - j(bv t)
Proof.
b b
t:/|wzt|2dz:/¢*zt (z,t)dx

dPgp

o= /z/; (x,t) xtd:cf/ %[¢*($,t)¢($at)]d

LO0Y oYT
/a {1/1 7+ 9 1/1] dx

From the Schrodinger’s equation, we get
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Claim. 4
For ‘
¥(z) = A(x)e™
the probability current is given by
h 0
_ 2" ¥
T =A@ 6(z)
. J
Proof.
o 00 4 0A o* a0 _ (')A _
T A el (x) lG(w d —_A YV —if(x) 0 (x)
e~ AW T o ol B @5t
By definition of J(x,t) we get
il 9. 89 0A 5. 89 0AY\ o h 00
Tart) = g (~IAPIG, + 457~ 1APiG] - A52) = AP
|
An easy consequence is that real wavefunctions have J(z,t) = 0.
For a plane wave ¢(z) = Ae'**=%Y) we have % = ikAe*™® and so
(2.0.1)

hk
T(w,t) = —|AP



3 Operators

Basic facts

Claim. 5

If A, B are normal and [fl, 3] = 0, then they have common basis of eigenfunctions. Furthermore,
if A and B share a complete set of eigenbasis, then [A4, B] = 0.

An immediate consequence is the contrapositive of the second part: if, say, [A,E] = 1, then

they share no complete set of eigenfunctions. This explains the Heisenberg uncertainty principle
A A2 .

since [#,p] = ih. Similarly, (&, H] = [#,3-] = %]3, implying there are no common normalizable

eigenfunctions. This is the time-energy uncertainty principle.

Claim. 6
If [A, E] = )‘Bl then for any eigenfunction of A satisfying Aty = arp, we have that (a+ ) is an
eigenvalue of A corresponding to the eigenvector Bi.

Proof.
[A, Bl = ABy — BAy = ABy
ABy — aBi = \By
A(BY) = (a+ M) (Bv)

Translation operator

Define

Tof(x) = f(z - L)
and D be the differential operator. The eigenfunctions of T}, can be found by setting
$w—L)=Trp =\
Introducing ¢ = e’Lg(z) where 3 € C one gets

eﬁ(me)g(a: —L)= aemg(x)
e Prg(z — L) = ag(x)
Set a = e~ AL gives
g(x — L) = g(x)
Thus we obtain that the eigenstates of Ty, are of the form

¢s(x) = e’ g(x)

where g(x — L) = g(x), and the corresponding eigenvalue is a = e =A%,



Momentum is the generator of translations:

The adjoint of TL is T L:

Properties

Ty () = fla+ L) = k7 f(@) = (= (5D’

T} f(x)

Proposition.

{TLw] — Ty

Proof.

[TL, x] f(2) = Tr(3f(2)) — 2T f ()
= Ty (af(2)) — 2T f(x)

— (¢~ L)f(e — L)~ af(x — L)

— —Lf(x— L) = ~LT; f(a)

Proposition.

Proof.

Proposition.

Proof.



Apply to f:

or 1o
ox 2 0zx2

e L5 f(x) = f(x) - L

This is Taylor’s theorem applied to f(z — L) at x.
Hence

et [(@) = fa — L) = T/ (@)

Proposition.

[D,#] =1
Proof. . . .
[Tb:@} = LTy =L —LD+--)
Also,

[TL@«} —[1—LD+- .8 =[L,a]+[-LD+-- ,3]=—LD+-- &

A~

Comparing coefficients of L, we see that [D, 2] = 1.
In general,

|Tu.2] = —LTp = -1 ZO %(—Lﬁ)” = Zl ! (=L Dn
n= n=

Also,

[TL:U} - [i L(—Lﬁ)”,ﬁ:} - i %(—L)" [D",:ﬁ]

Comparing coeflicients of L:

Hence,

Proposition.




Proof.

Proposition.

Proof. First, Taylor expand D to get:

Trf(k)=e PP f(k) = (1~ LD +---)f(k)

Then, use the last proposition:

Match the linear term:

Proposition.

Proof.

f/ielsz
m/z—e““f x) dk

o 1 ik L0
l%\/ﬁ * f( ) Z%f(k)



Boost-by-q Operator

Define
B, f(z) = /" f(x)
We have i
@, = [ (@) (@) do = (),
And

= —ih/ def* (z)e /P (iigeiqr/hf(x) + eiqm/haamf(x)>

Similar to TL, the adjoint Bg = E_q.

Time evolution operator

Define A
Utw(mv O) = ¢(9Ca t)

Claim. 7

U, is unitary.

Proof.
[ 19t )Pds = eta, 0[Us2.0) = U} Ui, 0, 0)) = 1
UjU, =1
by isometry properties. This implies
Ul U (,0) = Ul (x,t) = 9(x,0)
Hence UtT(t) = U_,, so the adjoint of the time-evolution operator is reverse time evolution. ]

From the Schrodinger’s equation we get

(8t0t)¢($70) = —ﬁHUtw(fEaO)
= 8tUt = —%HUt
Solving, we get
U, = e~ #117, (3.0.1)
1 = et Ayl et AL, (3.0.2)
1=0U10, (3.0.3)

Write Utz = Utle UtTl, we get

e_%thA]o = e_%H(tl"’tz)UoUge%Htl = e wHtz o UO =1

10



So

A~

U, = e #H! (3.0.4)

and UO =1.

11



4 Quantum Harmonic Oscillator
Classically, the harmonic oscillator satisfies the following formula for energy:

1 2
E(z) = §mw2x2 + 2pim

where k = mw?, and the solution for the initial condition z(0) = 0 is
z(t) = Asin(wt)
At t =0,V =0, and we can calculate the kenetic energy to be

1 1 1
E=T(0) = Emv2 = imAQw2 cos?(wt) = —mw?A?

Since energy is conserved, this will be the system’s energy.

A

The quantum counterpart corresponds H — H = ﬁ p? + (mw#)?]. This gives the following
Schrodinger’s equation:

Define the following operators !

a4 = ——(mwZ +1p al = ——(mwi — ip
Zﬁmw( P) Qﬁmw( P)

Clearly they are Hermitian conjugates, and

aal = (p? + (mw#)? — imw(2p — p2))

To summarize:

(4.0.1)

(4.0.2)
la,af] =1 (4.0.3)
H=hw(aal — 2) = hw(a'a + %) (4.0.4)

The above defintions also give

h hmw
L N AT P AT A 4
Z Yo (@+a") D =14/ 5 (@' —a) (4.0.5)

n Griffiths, we have the following definition: a1+ = \/ﬁ(:ﬁﬁ + mwz) I've basically made the substitution

a4+ — a' and a— — a. Note Wikipedia uses the definitions a = 4 /5 (@ + ﬁ;ﬁ) and a = /5 (& —
is the same.

—i_p), which

muw
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This implies

@), =\ g [Boa+ @00 =[5 [Gib0s + VT T001) =0
. _ h — | h —
<p>¢n = 7'\/;/‘1571(0'Jr —a)pn =i Ymw /¢n(v n+1¢ni1 — Vndn_1) =0

Similarly, we have

o N
R hmuw
<p2>¢n =—5 (2n+1)

Hence we can calculate the uncertanties:

h hmw h

Due to minimal uncertainty wavefunctions, we know that wavefunctions with uncertainties g cor-
muw ) % e mwz2

responds to Gaussians, which is confirmed in this case with ¢¢(z) = (H 2, while higher

energy states are not Gaussians.

Claim. 8 (Ladder operation)

If ¢ is an eigenfunction of H, then so is af¢p = (E + hw)dpine. Similarly a¢p = (E —
hw)¢E—ﬁw-

Proof.

H(atop) = hw(ata + %)(aw)E) = hw(ataal + %af)gz)E

1 1
hwal (aat + 3)¢8 = hawa'(ata +1 + 5)0r

= al (A + hw)op = af (BEdp + hwor) = (E + hw)(afdr) = (B + hw)dprhw

Similarly
H(aop) = (E — hw)dp—nw

Using this ladder operation, there will be a minimum for the eigenvalue. When that occurs, we
will have a¢g, = 0. Backtracking, we get

1 d
d
O = T (1)
Yole) 1= bo(w) = () e H (4.0.6)

13



Claim. 9 (Energy)

The ground state Ey = 2fiw, and each successive state E,, = hw(n + 1).

Proof. From (4) we get
X . 1 1
Hop, = hw(aTa(bEO + §¢EO) = §hw¢E0

Asn —n+1, we have E,, —» E,+1 = F,, + hw, which proves the second part. |

Claim. 10 (Normalization)

The following properties holds:

a'ayn, = nin, ady, = (n+ 1)y,

And this implies normalization for each v,, = A, (a") o with A,, = -

ok
\ J
Proof.
H,, = Eptp, = hw(ata + %)% = fw(n + %)wn
= a'ayp, = nyy
Hipy = Epthy, = hw(aa’ — %)wn = fw(n + %)wn
= g, = (n+ 1)
Hence

dTwnHQ = <dT"/}n dT"/’n> = <daTwn‘wn> = (n + 1) <wn|wn> =n+1
lavnll® = (@nlapn) = (alan|n) = n (Pnln) =n

Since a1, = cpiPpi1 and @, = dy1Pn_1, we know that ¢, = n + 1 and d,, = n. To summarize:

athn = vVn + 1piq ay, = vVnihn_1 (4.0.7)
1

= — AT n
Vn m(a )" %o (4.0.8)
]

Define the number operator
N =a'a
We have

[N,a] = afaa —aa'a = (aa — 1)a —aafa = —a (4.0.9)
[N,a'] = ataal —atata = af(1 +afa) — afata = at (4.0.10)



We also have
N(at|n)) = (n+1)at |n) (4.0.11)

Hence the eigenvalues are precisely the quantum numbers, and eigenvectors are just ¢, , the energy
eigenstates. In other words

. o1

H =hw (N + 2) (4.0.12)
which is what we derived previously.
A note on parity
The energy eigenstates g, 11, ... corresponds to an alternating parity: even, odd, even, ....

In general, let’s define the parity operator P : Y(x) — ¥(—x). Since P2 = 1, we have that the
eigenvalues of P is £1, which corresponds to even/odd eigenstates.

Claim. 11 (Parity)

For a symmetric potential V(z) = V(—z), we have [H,P] = 0. Hence there are common
eigenfunctions that can be either even or odd.

The closed form of the eigenstates are given by:

1 MW\ T muws? mw
Un@) = o () H( ﬁx)

where H,, are the Hermite polynomials

H,(z) = (—1)”622% (6_22)

For n even, H, is an even function. For n odd, H,, is an odd function. Hence the basis g, ¥1, ...
is a set of common eigenfunction of both operators.

Problems

Problem. 1

Consider the initial wave function ¢ (x,0) = %[q&o(m) + i¢1(z)], where ¢,, corresponds to the
eigenstates.

1. Calculate ¥(x,t) and |o(x,t)[%.
2. Find (x).

3. Show that the probability returns to its original shape after the classical period T = i—’;
In general, when does it occur?

Solution. 1.

1 1, 1 3.
J?,t — 6—51w0t+ i e—fzwot
98] = 750 5

And

1 — 1. 1 — 3. 1 . 1 .
o (x, t)]* = <\/§¢0€;1th - \/ii¢1egzwot> (\/§¢0€_;zw°t + ﬂi%@_ngwot)

1 1 1 T —iw 1 T Tw
§|¢0|2 + §|¢51|2 + §l¢0¢16 of — §%¢1¢>06 of

15



Here, we use the fact that we can always take energy eigenstates to be real. Hence ¢g = ¢o,

and ¢, = ¢1, and we also use the fact that sin(z) = & —e -

to get:

1 1 .
= §|¢0\2 + §|(z51|2 + @1 sin(wot)

2.
@) = [alwP =3 [alooP + 5 [alosf + [ é0onsinCunt)
Since V() is even, we can take ¢, to be even or odd. Hence, the first two integrals evaluate
h
to zero. The last one evaluate to 4/ sin(wot).
2muwg
3. Consider
1;[}(:6 t) ch¢n » = Z Cn¢n67iw0(n+%)t
— eféiwot Z Cn¢n67inw0t
Hence, 9 (x,t) is a superposition of eigenstates with period TLQT’}TO, which is % of the classical
period T = i—z Therefore after t — ¢t 4 T, all eigenstates to the original position.
Let’s define the angular frequency w, = % and redefine w to be our original harmonic
oscillator frequency.
Claim. 12
If our potential satisfies w,, — wy = Wa, where a € Q, then ¥ (z,t) is periodic in ¢. In this
case V(z) = %mwzx2 we have w,, — wg = wn, and all energies are spaced evenly apart.
Proof. Write
,t) _ Z Cn¢ne—i(wn—wo)t—iwot
_ e—iwgt Z qu&ne—i(wn—wo)t
efiwgt Z Cn¢n€7iwat
each ¢, has period 2;5), compared with the classical period T' = <. Write a = 5, then after
a period of dT', it returns to its original state. Let’s just hope that lem(dy,da, .. .) doesn’t
explode. If a € Z everything is easy, since T is just an integer multiple of each period of ¢,.
|
|
Problem. 2
Show that if [/i, B] = \B, then for any eigenfunction of A satisfying Ay = ayp, we have that
(q + ) is an eigenvalue of A corresponding to the eigenvector Bt. In this case, we have
[H,a'] = hwa', which corresponds to our discussion of the ladder operators.
Solution.
[A, Bl = ABy — BAYy = ABy
ABy — aBip = \By
A(BY) = (a+ N)(By)
An energy eigenfunction ¢,, then follows the ladder (E,,, ¢n,) — (Ent1 = En + hw, dpy1). [ |

16



5 Finite and infinite square well

5.1 Infinite square well
Define
Viz) =

0 fo0<z<a
oo otherwise

Outside the wall the wave function is 0. Hence in that case our particle is free, and WLOG we can
write

Y(z) = Asin(kx) + B cos(kz)

The boundary conditions state
0=¢(0)=18 0 =(a) = Asin(ka)

This implies ka = nm = k = 2T for n > 1. Normalizing gives
a

Yn(z) = 2sin<(n+1)wx> (5.1.1)

a

Solving for energy gives

h2(n+1)%x2

E, =
2mL?

(5.1.2)

Note this satisfies
B h%(n + 1)2r?

E, =
2m L2
R’r2n?  2R?nin REm?
= + +
2m L2 2m L2 2m L2
2 1
= L1+ *En—l + 72En—1
n n
2
1
2
n
Hence the telescoping series
(n+1)2 n? 22 9
E, = . ciiie —Fy = 1)°E,
> 1) 1z ko (n+1)"Eo

5.2 Finite square well

Define

— if —a<zx<
v {0 105 ez
0 if |z| > a

Bound states
E < V(£o0) =0. For x > a, this is just the free particle, which gives
U(x) = Bek”

for k = Y=mE,

17



. Note this construction ensures k, k' € R. Schrodinger

0%
PrA

For |z| < a, we have k' =
becomes

V2m(E+Vy)
7

Like the finite case we can WLOG to get
(x) = Dcos(k'z) + Csin(k'z)

Since V; is even, we can take 1 to be either even or odd. Note that for any % we can simply do
P — w to make it even and 1) — w to make it odd. Hence we can break up all

our v,,’s into even and odd cases. More specfically, our 2 cases are:

Fe~k= z>a Fe~h T >a
Y(x) = ¢ Deos(k'z) 0<z<a Y(x) = ¢ Csin(k’'z) 0<z<a (5.2.1)
Y(x) x <0 —9(x) <0

For both cases we have 4 boundary conditions. But since parity takes care of 2, we have 2 on the
positive number line. For the even, they are

Fe™% = Dcos(k'a) —kF~* = —K'Dsin(k'a)
Divide the second one by the first one we get
k =k tan(k'a)

We now derive a transcendental equation to solve for energy Define z = k'a, 2o = $1/2mVj. These
imply k2 4+ k"2 = 2240 ka = /2% — 22, and

tan(z) = <Z—0)2 -1

z

For a very deep well (2 large), the intersections occur at z, = %F, which corresponds to E,,+Vj ~

%, which is the energy for the infinite case.

Note there is always one bound even state.
For the odd case we have

Fe ke — Csin(k'a) —kFe ko = |/ cos(k'a)

Divide it out, we get
—k =K cot(k'a)

Using the same definitions as above, we find

cot(z) = — (2—0)2 -1

z
The intersections for a deep well is z,, = nm, which corresponds to E, + V{ = "22:;’;2
Note that there isn’t an odd bound state when 2o < § & a < 2\/;%.
Scattering states
Since E > 0, k is real. E + V,,,;,, > 0 still holds. Hence we get
Ae'h® 4 Beike r<—a
Y(z) = ¢ Csin(k’z) + Dcos(k'z) —a<z<a (5.2.2)

Fetkw 4 Ge—th T>a

18



If we're scattering from the left, G = 0. We also have 4 boundary conditions. All of these give

P e2ikaA
cos(2k’a) — i(kzzllz) sin(2k’a)
From this we get
_jr _|F]? _ 1

T ="

- - 2
JA |‘A|2 1+ %Sln2(% 2m(E+‘/O))

When T =1, we get

2 2 2h2
%«/Qm(E—&—VO):mr@En—&—VO:L

2m(2a)?

the case of the infinite square well.

Barrier

(5.2.3)

If we switch —Vy — Vp, E + V5 > 0 still holds, so we can essentially only change expression in T

Note this splits into 2 cases. For E > V:

For E < Vp and using sin(iz) = isinh(x) we get:

1
T_1 G in2(i22\2m(Ve — E
+ 15 vy sin” (15 v/ 2m(Vo — E))
1

)% . a
1 + m SlnhQ(% Zm(% — E))

19
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6 Delta potentials

Define
V(z) =ad(z—a)

If we plug this into the Schrodinger equation and integrate both sides while taking the limit of the

a-+te
integrand to a i.e. liH(l) / , we find that for an energy eigenstate ¢g
€E—> a—e
. dogp . dor  2ma
lim —— — lim —— = —— 6.0.1
S T = e e (601

bound states

For x < a, we have ¢(z) = Bek” where k = 7”2"”5 € R. Note A = 0 due to normalization
constraints. Similarly for x > a, we have 1)(z) = Fe~**. Due to continuity at a: Bek? = Fe~** =
F = Be?*@. Using equation (16), we get

_kFe-*t _ gBeka — MY poka
ﬁZ
2
~2kBek" = =52 Beh
mao
h=0
h2k2 ma?
E=_r 02
2m 2hK2 (6.02)

To normalize :

a o
/ B262ka;dx + / 32€4kae—2kwdx -1

32 ok B2e4ka

a —2ka
- _ -1
2k ¢ —ok ¢
%BQCQka =1

B = Vke=2ka = ek

To summarize

VEeFE=a) gz <q
Y(z) = (o (6.0.3)
VEkekla=1) 2> ¢
Scattering state
To simplify things we’ll take V(z) = —ad(x). Similar to the finite well, we have for k = 7@3 eR

Aetkr 4 Be~itke 3 < ()
V(@) 9 ke
Fe z>0
The 2 continuity conditions imply
A+B=F
F = A(1+2i8) — B(1—2ip)
for 8 = 5. A bit of algebra shows
B if F 1

AT 1-4B A~ 1-4p

20



The scattering matrix can be written as

s L
s=47 5
1—if 1—iB

The matrix is symmetric for reasons outlined in the next section. We can calculate transmission

and reflection rates easily:

gal T AP T IR 14 2
_ el P _ 1 !

0T 142 T 2 = 2
ljal AR 1452 14 e

Notice there is one pole for the S-matrix at § = —i or F = —";TO‘;, which is the exact energy of the

bound state. This always happens, as will be explained below.

21



7 Scattering
A plane wave is scattered from the left: ¢(x) = Ae™*® + Be™** and plane waves are scattered from

the right: (x) = Ce’** + De~™=_ All these waves corresponds to the same energy, and hence the
same wave number. Define the S-matrix:

()=( 1))

Under this definition, we see that from the left when D = 0:

=

o

S~—

I
N\
~+~ =3
<0y

where

IBI> _\ 2

2

C=tA=T= g:,z = |t|? (7.0.2)

When scattering from the right (A = 0):
~ B|? ~

B=tD=T= 55 = |£]? (7.0.3)
2

C=fD=R= |g|2 = |7|? (7.0.4)

If we write t = |t|e’®, then for scattering from the left we see that the plane wave going out (Ce**)
shifts its phase by ¢.
Since S is unitary, one automatically has

2+t =1, [R+|f2=1 rE+tF=0.

Claim. 13

If V() is even, S is a symmetric matrix.

Proof. If V is symmetric scattering from the left and right doesn’t matter. This allows us to do
A+ D and B + C. Since the system is invariant under parity, we have S — S. Hence,

(s) =5(2)

Bashing this out and comparing with the original definition gives r = # and ¢ = £. Another property
of symmetric potentials is if 7 = |r|e®:

tr* 4+t =0 = |tle rle™? 4 [t|e|r|e?? = 0= ¥ = 7?0 = ¢ = 47
Hence we have

r = i|rle”"
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Claim. 14 (S is unitary)
S satisfies STS = 1.

Proof. First let’s calculate the probability current from the left and right.

Jleft = ﬁ (%M - wa¢> ﬁk(|A|2 —|B?) (7.0.5)

Jright = E(|C|2 —|DJ?) (7.0.6)

Since we're in a stationary state,
9j

d 2
= — x’t =
prald )l s
This implies j is constant with respect to position, so jicft = jrignt, meaning |A|>+|C|? = |B|*+|D|2.
Hence, S preserves norms, so is unitary.

Claim. 15

Bound state energies correspond with poles of the S-matrix.

Proof. If £ <0, then k = ¥ 2;”E Y 2m( E) Y 2m . Hence, our plane waves become exponen-
tials: Ae=F* 4 Beke and Ce—he + Dek=, But to be normahzable A= D = 0. This gives

(¢)=50(0)

This forces Sy, to diverge at the bound state energies F.

SE)~ D & inEn

Transmission and Reflection Coefficients for General systems
Scattering that goes from free particle — potential V(x) — free particle has a simple formula
|C|2 |B|2 _ | |2

T= it s
A2 A2

= [t* R=

as given above. But the unphysical cases where the potential is nonzero at infinity (like an infinite
step) the transmitted wave may have a different wavenumber than the incident wave. In this general
case we use

_ el o Ll
jal |jal

Problem. 3

Derive scattering off a potential step

<
V(z) = 0 =<0
Voo >0

for both scattering states £ < Vj and E > V. What about scattering down hill?
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Solution. Begin with E > V. Then we have

Aetkrr 4 Be—ikiz 5 ()
’(/}(:E) = ikox
Ce't2 x>0

with &y = 7v22”E and ko = 7%}3_%) Boundary conditions give:

A+B=C
iky (A — B) = ikyC

Solving gives

k1 — ko B ki —ks
B= A=r=—=

k1 + ko A ki + ko

2k; C 2k

C= A=t=—=

ki + ko A k1 + ko

Caculating probability densities:
:|j3|:|B|2%:|B|2:‘ |2: klikQQ

ljal  |A]PE AP ki+ka|

_liel _1CP _ 1BPRs _ake | dkiky
dal JARE AP ki (ki + ko)’
When E < Vj, ks becomes imaginary. Our wavefunction becomes

Aetk1® L Be—thiz ()
w(x) = {C —kox
e x>0

Doing the same calculation again, we find
A+B=C
tk1(A — B) = koC

The calculation of R still follows from (2.1), but we need to resort the actual definition of the
transmission probability for T since jo no longer corresponds to a plane wave.

; —|k2|z 9 (e~ k2l
o2t 7\k2|xa(e )_ —|kalz (6 ) _
jo=lci 2m le ox ¢ Ox 0

Scattering downhill is essentially changing ky +— ko and ky — k1. When E > V| this yields the
same R,T. But if E <V}, realize that we have

Ae k2% 4 Bek2r 5 <
Ce*t x>0

This forces A = 0 due to normalization. Hence it’s kind of a trivial case.
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8 Uncertainty principle
For any observable A, we can calculate the standard deviation:
0% = (A= (A) [ (A - (A)¥)

Let f = (A — (A))y, and we get
oh={f11)
Similarly for an observable B we can define g = (B — (B))y so that

ohon ={f1){glg) > flg)

By Cauchy-Schwartz. Also, for any complex number z € C, we have z > (Im 2)? = (%(z —%))% By
the Hermiticity of A,

(fl9)= (WA~ (A)(B~ (B)w)

(gl f) =+ = (BA) - (4)(B)
Hence, (f|9) = {g|f) = ([A. B]), so

1 A A
oA0B > % <[A,B]> (8.0.1)
i
We recover the Heisenberg uncertainty principle if we set A = & and B = —ih% we get ([Z,P]) = ih
and
h
Ox0p > 5 (802)
Similarly, energy-time uncertainty principle states:
h
Opot > 5

The physical interpretation of the uncertainty principle states that if [A, f?] # 0, they are incompatible.
Hence their uncertainty is nonzero, meaning that you can’t measure them simultaneously. For ex-
ample, if you collapse the wavefunction to a position eigenstate (to a delta function, which is the
eigenstate of the position operator), then the momentum function becomes more scattered (think
about the fourier transform of a delta function). Conversely, if [fl, B] = 0, then both observables
can be measured at the same time, both being determined.

Minimum uncertainty wave packet

When does the above calculation become an equality? First, Cauchy-Schwartz requires g(z) = ¢f(x)
for ¢ € C. Also we need Re(f|g) =Rec(f|f) =0= c=ia for a € R.
Going back to the Heisenberg principle, we see that

iaf(r) = gla) = ia~ih-e — (p)) = ialz — ()0

We get

_ae—(=»? i)
2h h

e (8.0.3)

P(z) = Ae

which is a Gaussian multiplied by a phase. Note that in the above calculations we treated (z), (p)
as constants.
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Ehrenfest Theorem

For any observable @), we have

d

_dion =0 2 A00
SQ) = Z1Q0 = (@0 + 1] F0) + @ 1QF)

. , . ) A
By Schrodinger’s equation, zha—f = Hv, so

d 1. o oQ 1, a
dt<Q>:—m<H7//|Q1/’>+<at>+m<1/}|QH?/f>
We get
Q@) i, s [00
at _h<[H’Q]>+<8t> (8.0.4)

The latter term is often zero. An immediate consequence is if H commutes with @, then @ is a
conserved quantity.
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Figure 1: Spherical Coordinates

9 3 Dimensional Schrondinger’s equation

Analogous to the 1D case, we have p — —iiV, and

'h§¢——h—2vw+v¢ (9.0.1)
oY T Tom e

We have the Canonical commutator relations
[ri,p;] = —[pi, 5] = ihdy; [ri,r;] = [pi,p;] =0

In spherical coordinates, the Laplacian becomes

VQ—ig 7122 + 1 g sinﬁg +$ iQ
2 or or r2sin 6 00 00 r2gin? @ \ 9¢?

Now we perform a separation of variables to berak the Schrodinger equation into the radial and
angular part:

¥(r,0,9) = R(r)Y(0,¢)
This gives

1d 9dR 2mir2 1 1 0 . 0Y 1 9%Y B
(Rdr ( d> — e V- E>) ty <sin089 (Smeae> T 26 097 ) =0

Radial Angular

We introduce a constant (I + 1) = Radial, so —{(I + 1) = Angular. Only the Radial part includes
energy.
Angular Part
For each [, we have 2] 4+ 1 possible constant m’s:
m=—-l,—l+1,...,0,...,0—1,1
The solutions are called spherical harmonics, and are given by
Y™ (0,6) = Ae'™? P[" (cos 0)

where P/™ is the associated Legendre polynomial

@) = (-0ma-a)% (1) A 9.0.2)

B @) = ()" e ) 9.03)
l

AW = 5 () @ -1 9.0.4)
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To perform normalization, we do the following procedure:
/|¢|2d3r = / |4 2r? sin 0 dr df do = / |R|2r2dr/ [V[2dQ =1

where dQ) = sinfdf d¢. An easy way to do this is to normalize each factor. One could also do it
any other way:

00 27 ™
[ imprar = | [ ivesinodsao—1 (905
0 0 0

Setting R(r) = u(r)/r, the normalization conditions becomes

z/ lu|?dr =1 (9.0.6)
0
The normalized spherical harmonics are given by

20+ 1)l —m)

(.
Y0, ¢) = 4 ) e'™? P (cos 0) (9.0.7)

They are Dirac-orthogonal:

[ vy = s

Radial Part
Let u(r) = rR(r), we arrive at
centrifugal term

N SRR

— — E
2m dr? 2m 2 Y Y

Vers

3D Infinite Square Well

This is a case of central potential, where

V(T):{O r<a

oo r>a

To solve problems of this kind, note that the spherical harmonics are pre-defined. We just need to
solve the Radial part.

Eu (l0+1) omE
el ( e K S
When [ = 0 we have 2
d% = —k?u = u(r) = Asin(kr) + B cos(kr)
r

Using R(r) = u(r)/r, we see that cos(kr)/r blows up as r — 0, so B = 0. The boundary conditions
require sin(ka) = 0 = ka = N, so we have the energy for [ =0

N2 2h2
Ey, =

0 —

2TV ON=1,2,3,...
2ma?
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We have for [ = 0:

21 N
R<r>=\fsm< 7””)
ar a
11 N
¢n00=\/Sin< WT)
2rar a

u(r) = Arji(kr) + Brny(kr)

and so

For general [, we have

where j; is the spherical Bessel function of order [ and n; is the spherical Newman function of order

L.

ji(z) = (—2)! <idi>l sil;z
m(z) = —(—a)! (i;i)l Co;x

Similar to I = 0, we get B = 0, and the corresponding energies are

o,

where Sy is the N-th zero for the Ith spherical Bessel function. We now sort the energies and label
them by the principle quantum number n. The general solution is written in terms of this index,

wnlm = Anl.jl (6Nl£)}/lm(95 ¢) (909)

where A,,; is the normalization coefficient. Note that each energy E, depends on N,Il. There are
20 4+ 1 possible m’s for the spherical harmonic, so energy degeneracy is 2/ + 1. But there are also
extra degeneracy, not attributed to spherical symmetry alone.
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10 The Hydrogen Atom

We solve the radical part for the coulomb potential V (r) = — 4767260 1. Hence we have
h? d%u ¢ 1 2 1(1+1)
_ - — = =F
2m, dr? +( Ameg T + 2m. 12 Ju Y

Define k = ¥=2"<E_ We get

1 d*u < mee? 1 I(l+ 1))
= u

K2 dr2 " 2meoh2k kr ' (kr)?

The energies are given by the Bohr formula

Me e? 11 Fy
E,=—|—7|— — == 10.0.1
[2712 (47reo> n? n? ( )

Note that the energy does not depend on [, meaning that for each n the energies are the same across
l. For each n, there are n possible values for I:

1=0,1,2,....,.n—1

and each [ has 2] — 1 possible values for m, so each F,, is degenerate with

n—1
d(n) =Y (2l +1) =n’ (10.0.2)
1=0
Skipping solving steps...
The Bohr radius is defined to be
dmegh?
a=—00 —0528-10m (10.0.3)
Mee
Let .
p=—=kr
an
We have

1 _
¢nlm(ra 03 ¢) = Rnl (r)}/lm(e’ ¢)7 Rnl(r) = ;pl+1€ pU(P)
where v(p) is a polynomial of n — [ + 1 in p, with coefficients satisfing the recursion formula

S 2+1l+1—n) .
TGy r2a+2)”

The ground state energy is

E; = —13.6eV (10.0.4)
corresponding to the ground state
1 —r/a
Y100(r, 0, 0) = =¢ (10.0.5)
Ta

The general formula is given by Laguerre’s polynomials

7 Pe® [ d\1
_ -z, .p+
Ly(x) = q <dm) (e7"aP ™)
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with v(p) = L2711, (2p).

Vi = \/( 2 >3 M«f’“/’m (27">l L2 (2r/na)Y™ (0, ¢) (10.0.6)

na) 2n(n+1)! na

They are mutually orthogonal: (Vim|Wnirm) = Onns 11 Oy -
We can excite a hydrogen state by giving it photons. Such state transitions are called quantum
jumps and the difference is given by

1 1
Using Planck’s formula £, = hv = % we get Rydberg formula
1 1 1
=R _

with

= drchd 47eq

called Rydberg constant. When we hit hydrogen atoms of different states with some ultraviolet
light, they collapse to the ground state and these transitions are know as the Lyman series. The
Balmer series and Paschen series are to first and second excited state.

m 62 2
¢ ( ) =1.907-10"m!
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11 Angular Momentum

Make the substitution in the formula L = r x p with p, — —ihd/0x, etc. to get

, 0 0
Ly =yp. — 2py = zh(za—y - yi) (11.0.1)
, 0 0
Ly =zp, —ap, = @h(xg - Zﬁ) (11.0.2)
. 0 9]
L. =apy —yps = zh(y% - ma—y) (11.0.3)
We find the canonical commutator relations
(L, Ly =ihL., [Ly,L.| =ihL,, [L.,Ly] = ihL, (11.0.4)
Using Ehrenfest’s theorem we see
1 h
AL ALy > §<ihLz> = §|<Lz>| (11.0.5)
i
We also find
[L? L,]=[L? L, =[L* L] =0
Define
Li=L,+iL, (11.0.6)
Similar to the QHO case, we have
LiLs = (Ly+iLy)(Ly Fily) = L3 + L} F (LyLy — LyL,) = L* — L2 Fi(ihL.)
L?=L.L++ L2FhL, (11.0.7)
We also have
[L.,L4] =[L,, L) £4[L,, Ly) = —thL, £+ i(—ihL,) = £h(Ly £ iL,)
SO
[L.,L.]=+hL. (11.0.8)

along with [L?, L.] = 0 we can apply Claim 6. (Ladder operation) to get that if f is an eigenfunction
of L, with eigenvalue p then L. f is an eigenfunction of L, with new eigenvalue p + h. Hence, each
ladder operator boosts the eigenvalue by A. Since L? and L, are simultaneously diagonalizable, we
can set L2f = \f.

Call the top runf of the ladder f; with eigenvalue Al such that L f; = 0. Then

L?fy = (L-Ly + L2+ hL.) f = (W1 + R21) fy = R2L(L+ 1) i
= A=R%1+1)

Similarly for the bottom rung f;, with eigenvalue Al such that L_f, = 0. Then

L?fy = (Lo Lo + L2+ hL.) fy = (1 + 2D £y = h3(+ 1) fo

SA=RI1+1) =R +1) =1 =1

This means [ is a half integer. The possible eigenvalues for L, take the form ™, where L, f™ = him
(the rungs on the ladder), with m = —I,—{ 4+ 1,...,l. Hence we have completely categorized our
eigenfunctions

L2 = R+ DS Lo f7 = b (11.0.9)

32



It turns out that these eigenfunctions f! matches precisely the spherical harmonics, that is they are
the simultaneous eigenfunctions of H, L%, L,.

HfL =Efl  L2fm =1+ 1) f", L.fi" = hmf™ (11.0.10)

Interesting that the approach with angular momentum yielded half-integer values, but the approach
with spherical harmonics yielded only integer values.
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12 Spin

Spin is considered intrinsic angular momentum, in contrast to the orbital angular momentum. We
have the same set of canonical commutator relations

Sy, S,] = ihS., [Sy, S2] = ihS,, [Ss, S| = ihS, (12.0.1)

More succinctly,

‘ i, 05] = 2i€ijuon ‘ (12.0.2)

We denoted our eigenfunctions for orbital angular momentum f;”, here we denote it |sm) where s
is the total spin, and m the spin in the z direction. Similarly,

S%|sm) = h?s(s 4+ 1) [sm), S. |sm) = hm |sm) (12.0.3)
Sy |sm) = hiy/s(s+ 1) —m(m £ 1) |s(m £ 1)) (12.0.4)
where 13
=0,-,1,-,...
S 0’ 27 ) 27
and

m=-s,—s+1,...,s (2s+ 1 values)

12.1 Spin 1/2, two particles

The eigenstates |%, %> , |%, —%> forms an eigenbasis for the two particle state. Call these two states

X+, X— respectively. A general state is then

a
X =ax+ +bx- = (b)
la|?,|b|? denote the probability for x.,x_. Plugging into the formula (12.0.2) we see that
2 3.2 2 3.9

We summarize the matrix representations:

h(o 1 h (0 —i h(l1 0
B 0 0\ oo 3.,(1 0
(1 0>7S =h (0 1) (12.1.3)

(S, —5.) (12.1.4)

12.1.1 Derivation

Starting from the z-basis, we know that o, makes sense. Define

(01 (00
+=\o o ==\ o
Take the analogue of equation (11.0.6), we see

Op =04+ 0_ oy = —i(oy —o_)

which gives us our desired result.
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12.2 Example: x-axis

We find the eigenvectors of S, to be

NS

1 1
vz) 2\

:a+b (z) a—>b (z)

\/§X+ \/ix_

. The expectation values can be taken as {x|sz|x).

So

() _ 1 (=)

For example x’ = Tsx4 + %X@

12.3 Electrons in a magnetic field
A particle with
A=7S
v is called the gyromagnetic ratio, given by
frd Mj = 76
Y= 9e h Ye 2.
Under a magenetic field, the particle experiences potential energy
H=-u-B
and torque pu x B. We also define a Hamiltonian matrix
H=-B-S

where § = (S, Sy, S-), and hence H is a superposition of spin matrices.

12.4 Larmor precession

Let our magnetic field be B = Byk. The Hamiltonian is

H:—VBOS :_’}/B(]h (1 0)

2 0 -1
The eigenstates are the same as S, denoted x4,x—, with energy E_ = —(yBoh)/2 and E; =
+(vBoh)/2. We can time evolve these states with the Schrodinger equation
Ix
h— =H
or =X
Solving,
X(t) _ ax+eiE+t/h + bxfeiiEt/h
We write /
a cosa/2
x(0) = <b) o (Sina/2)
Hence

X(t) = ( cos(a/2)e%0/7 > (12.4.1)

sin(a/2)e= 7 Bot/h

We now calculate (Sg), (Sy), (S:):
(Sz) = gsinacos('yBot)
(Sy) = —g sin asin(yByt)
(S:) = 5 cosa

with Larmor frequency w = vBjy.
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12.5 Stern Gerlach
The force experienced by the particle is (just by definition of potential energy)

F=V(i B)=~(0:5Bs+ 0,5,By+ 0.5.B.)
Take our magnetic field to be inhomogeneous
B(x,y,z) = —axi + (By + az)k
where Bol% is a large value and « are small perturbations. So
F = va(—S,1 + S.k)

S, experiences Larmor precession due to BOIAC, so its average value is 0. Hence F, = ya.S,. We have
2s 4+ 1 streams of particles.
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13 2 Particles, General spin

Two particles |s1mq) and |samz) satisfies

S sy s9mima) = s1(s1 + 1)h2 |s1samams) (13.0.1)
S@7 sy s9myma) = sa(sa + 1)h? |s1samims) (13.0.2)
S |s1s9mima) = myh|sysamimy) (13.0.3)
S§2) |s152mimea) = mah|sisamima) (13.0.4)

The total angular momentum is
§=50 452

We can get the total z-spin of the system easily: it s just the sum
S, = Sgl) + 59) — (m1 + me)hi|s1samims)

But S? is much harder to calculate.

13.1 Example: Two spin 1/2 particles
Denote [11) = |34353) for m = 1. Slmllarly, ) = |77 —3—3) form=-1.

1
2222
We can lower the value of total m by 1

L) = (81— 4 San) 1) = (SY D)+ 1) (P
= (A1) 1)+ I1) (B 14))
= A([41) + [11))

with m = 0. This is confirmed by applying the formula (12.0.4), which states

S_[11) = AV [10) = A(II1) + 1)) = [10) = —= (111} + [11))

V2
Similarly
S |10) = \}( [41) + S- 114)
= V2h|)

_10) = AV2[1 = 1) = V2h[L]) = [1 - 1) = |L))

Hence, a two particle spin 1/2 system, we have more or less conclusively exhausted the 3 possible
s = 1 states, called the triplet combination:

1) = 1) (13.1.1)
1

10) = — + 13.1.2
10) ﬁ<m> 1) ( )
1-1) =44 (13.1.3)

There is also a s = 0 state:

1

00) = — — 13.14
00) ﬁ(ITU 1) ( )
To confirm tthe s values is what we claimed, we just check it by applying §2, using the identities:
52 = (SMW 4+ 8@y) . (M 4+ 8@))) = (§M)2 4 (§2))2 4 28V (13.1.5)
SWS®@ = (§H 5P 4 5§ 4 51 g2y (13.1.6)
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The possible spins for a state |s1s9mime) is
s=(s1+52),(s1+s2—1),..., |81 — 5] (13.1.7)

One could also talk about total angular momentum (spin + orbital). For hydrogen state
Unim, the two particle state can have spins = —1,0, 1 and orbital angular momentum [, so it’s total
momentum can be [ — 1,1, + 1.

13.2 Clebsch-Gordan Table

In general

[sm) = Z Conii 151 52m1 M) (13.2.1)

mi+mo=m

each of these Clebsch-Gordan coefficients represents the probability of finding the total state in each
of these individual state (i.e. superposition). We can also define an inverse to this process:

|s1 52m1 Mm2) Z cpezs - |sm) (13.2.2)

maimaom

14 Minimal Coupling

The Hamiltonian for E&M can written as

1
H=_—(p—qA)? 14.0.1
5 (P —qA)" +ayp (14.0.1)
where E = -V — 5> and B =V x A. Using the substitution p — iAV, we get
H= i(—z‘hV— A)? + (14.0.2)
=~ om q qp -U.
Ehrenfest theorem gives
d{r) 1
— =—((p—q¢A 14.0.3
i = o ((p—qA)) ( )
d
m% =q(E + (v) x B) (14.0.4)
The Gauge transformation
A
o =p— %—t A=A +VA (14.0.5)
does not change E, B because
OA’
E =-Vy —
LAY
oA OA  _0OA
=TVetrVee T Var

B'=Vx(A+VA) =B
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